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I Abstract. All Hodge integrals with at-most one A-class can be expressed as poly- 

' nomials in terms of lower dimensional Hodge integrals with at-most one A-class. 

Sh I Algorithm to compute any given Hodge integral with at-most one A-class is dis- 

1 ^ ' cussed and some examples are presented. 



> 

oo 



1. Introduction 



Let Mg^n denote the Deligne-Mumford moduli stack of stable curves of genus g 
with n marked points. A Hodge integral is an integral of the form 

O 

o: /_ ■■■eAf---A,^^ 

Ph' where ipi is the first Chern class of the cotangent line bundle at the i-th marked 
r-| ■ point, and Ai, ■ ■ ■ , Xg are the Chern classes of the Hodge bundle. Hodge integrals 
^ ! arise naturally in the calculations of Gromov-Witten invariants by localization tech- 
^ I niques. Their explicit evaluations are difficult problems. The famous Witten's Gori- 
ly • jecture/Kontsevich's theorem [21], ^O] gives a recursive relation of Hodge integrals 
•rH , involving ip classes only; 

X 

(1) /_ 

and some of them can be computed recursively through String Equation and KdV 
hierarchy. In j^j, C.Faber developed an algorithm to compute intersection numbers 
of type (HI). Also, E.Getzler obtained recursion relations |21 for the case of 5^ = 2, one 
of which is given as; 

{{n+2ix))h =((r,+i(x)7a))o((7'^))2 + ((rfc(x)7„))o((ri(7")))2 

- ((T-.(x)7a))o((7^.))o((7'))2 + ^((r.(x)7a7.))o((7'^))i((7'))i 

+ ^((r.(a:)7a76))o((7V))i " ^((T-.(x)7a))i((7W))o 

1 Q 1 

+ ^{{rk{xharit))o{{l'))i + ^((r.(x)7a7W))o for A: > 

When the A-classes are involved, the computation of Hodge integrals is not easy. 
There was Ag-conjecture which computes for the case of one top-degree A-class as 0; 
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(2) / A^^■■■^^A, 



'2g + n-3\ 2^^'^ - 1 [EaJ 
M,„. ^'~\h,...,kj 2^a-i (2^)! 

where i?2g are Bernoulli numbers and ki + - ■ ■ + kn = 2g — 3 + n. By using Mariiio-Vafa 
formula [HKE], the case of Ac,_i with one marked point can be computed as; 

,2,-1. v-'l 1 (2gi-l)!(2g,-l)! 



(3) / ^?-Vi = 6,E7 4 S ng-ly 

and the case of more than one marked points can be computed by repeatedly applying 
the Cut-and-Join equation: 

which was used in the proof of Marino- Vafa formula, and proven to be an effective 
tool in studying Hodge integrals. 

The moduli space of relative stable morphisms admits a natural S'^-action induced 
from the S'^-action on the target space. And as a result of the localization formula 
applied to it, the following convolution formula is obtained; 

Theorem 6.1. For any partition fi and e with \e\ < \fi\ + l{fi) — x, we have 

where the sum is taken over all partitions v of the same size as fi. 

Here x is the prescribed Euler number of domain curves, [A"] means taking the 
coefficient of A", $*(A) is a generating series of Double Hurwitz Numbers, and T>'{X) 
is a certain generating series of Hodge integrals. This formula gives many relations 
between Hodge integrals with at-most one A-class, and it is enough to consider the 
special case of /i = (d) for some positive integers d to compute all Hodge integrals 
with at-most one A-class. More precisely, the following theorem is proved in Section 7; 

Theorem 7.2. Any given Hodge integral with one X-class: 

V'^■■■^^A, 



where ki, - ■ ■ ,kn& NU {0}, j G {0, 1, 2, ■ ■ ■ , g}, is explicitly expressed as a polynomial 
in terms of lower- dimensional Hodge integrals with one X-class. Therefore it computes 
all Hodge integrals with one X-class. 

The rest of the paper is organized as follows: In Section 2, we summarize various 
versions of localization formulas which will be used in computing Hodge integrals. In 
Section 3, the Relative Moduli Space is defined and the natural S'^-action on it is 
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introduced. Also the fixed locus of the .S^-action and their corresponding description 
in terms of graphs is discussed. In Section 4, we compute the Euler class of the normal 
bundle of the fixed locus of the S^-action in the relative moduli space. In Section 5, 
the Double Hurwitz Numbers and its description in terms of Hodge integrals over a 
certain moduli space is discussed. In Section 6, the Recursion Formula which gives 
relations between Hodge integrals with at-most one A-class is proved. In Section 7, 
the Recursion Formula is used prove that all Hodge integrals with at-most one A-class 
is explicitly expressed as a polynomial in terms of lower dimensional Hodge integrals 
with at-most one A-class. In Section 8, an algorithm to implement the Recursion 
Formula and to compute each Hodge integral with at-most one A-class is discussed. 
In Section 9, some examples of the algorithm in section 8 are presented. 

Acknowledgements. / would like to thank my advisor, Professor Kefeng Liu 
for his constant support and encouragements as well as many inspiring discussions. 
I would also like to thank Xiaowei Wang for helpful discussions and friendship. 

2. Localization Formula 

In this section, I will summarize various versions of localization formulas. 

2.1. Equivariant Cohomology. Let G be a compact Lie group acting on M. The 
equivariant cohomology of M is defined as the ordinary cohomology of the space Mq 
obtained from a fixed universal G-bundle EG, by the mixing construction 

Mg = EGxgM 

Here, G acts on the right of EG and on the left of M, and the notation means that 
we identify {pg, q) ~ (p, gq) for p e EG, q e M, g & G. Hence Mq is the bundle with 
fibre M over the classifying space BG associated to the universal bundle EG — > BG. 
We have natural projection map tt : Mq — ^ BG and a : Mq — > M/G, which fits 
into the mixing diagram of Cartan and Borel: 

EG ^ EG xM ^ M 

BG ExgM M/G 

If G acts smoothly on M, then we have Mq = M/ G. This is not true in general but 
it turns out that Mq is a better functorial construction and the proper homotopy 
theoretic quotient of M by G. In any case, the equivariant cohomology, denoted by 
H*g{M), is defined by 

H*g{M)=H\Mg) 

and constitutes a contravariant functor from G-spaces to modules over the base ring 
H*Q := H*(.{pt) = H*{BG). The map a defines a natural map a* : H*{M/G) — > 
Hg{M) which is an isomorphism if G acts freely. The inclusion i : M — > Mq induces 
a natural map i* : H^{M) — > H*{M). 
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2.2. Atiyah-Bott Localization Formula. Let i : V ^ M he a map of compact 
manifolds. The tubular neighborhood of V inside M can be identified with the normal 
bundle of V. On the total space of the normal bundle, there is the Thom form 
$y which has compact support in the fibres and integrates to one in each fiber. 
Extending this form by zero gives a form in M, and multiplying by $y provides 
a map H*{V) ^ (M, M\1/) — > H*{M). In particular, the cohomology class 
1 e H^{V) is sent to the Thom class and this class restricts to be the Euler class of 
the normal bundle of V in M, Nv/m- Hence, we see that 



s J = e{Hv/M) 



This also holds in equi variant cohomology by same argument applied to Vg, Mq- The 
theorem of Atiyah and Bott says that an inverse of the Euler class of the normal 
bundle always exists along the fixed locus of a group action. Precisely, i* /e{J\fv/M) is 
the inverse of in equivariant cohomology, i.e. for any equivariant class 0, 



e{NF/M) 



holds where F runs over the fixed locus of the group action. In the integrated form, 
we have 



i (p 

M 



2.3. Functorial Localization Formula. Let X and Y be T-manifolds. Assume 
/ : X — > y is a T-equivariant map, Je '■ E ^ Y is a fixed component in Y, and 
If F ^ f~^{E) is a fixed component in X. For any equivariant class u; e H^{X), 
we have the diagrams; 



9=f\F 



E 



3e 



X 



Y 



eriF/X) 
9\ 



9\ 



eT(F/X) 



/! 



Applying the Atiyah-Bott Localizatio Formula with the naturality relation f\{ijj 
f*a) — f\uj • a, we obtain the Functorial Localization Formula: 



(5) 



9\ 



eT{F/X)\ eriE/Y) 
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2.4. Virtual Functorial Localization Formula. The above Functorial Localiza- 
tion Formula is also valid in the case where X and F are virtual fundamental classes. 
In this paper, we will use [A1^ „(P , /i)J for X, and [Fr\ for F. Hence for any 
equivariant class u, we have: 



3. Relative Moduli Space and S'^-action 

3.1. Moduli space of relative morphisms. For any non-negative integer m, let 

pi[m]=Pfo)UP;i)U---UP;^) 

be a chain of m + 1 copies of Pi such that Pf^^ is glued to Pf,_^^) at pf^ for < / < 
m — 1. The irreducible component P^q-j is referred to as the root component, and 

other irreducible components are called bubble components. Two points pf^ ^ Pi^^^ 
in P^^^ are fixed. Denote by 7r[m] : P^[m] — > P^ the map which is identity on 

the root component and contracts all bubble components to P^^''. Also denote by 
¥^[m) = Fj^^^ U ■ ■ ■ U Pj^^ the union of bubble components of P^[m]. 

For a fixed partition /x of a positive integer d, let „(P^,yu) be the moduli space of 

relative morphisms f : (C; Xi, ■ ■ ■ , Xi(^), Zi, ■ ■ ■ , Zn) — ^ (P^ [m] , p^'"'* ) such that 

(1) (C; Xi, ■ ■ ■ , zi, - ■ ■ , Zn) is a possibly-disconnected prestable curve of Euler 
number x with /(/i) +n marked points. Here, the marked points are unordered. 

(2) /^^(pi™'') = Yl'^i=i f^i^i Cartier divisors and deg(7r[m] o /) = 

(3) The preimage of each node in P^[m] consists of nodes of C. If f{y) = pf^ and 
Ci and C2 are two irreducible components of C which intersects at y, then 
/ and / have the same contact order to pf^ at y. 

(4) The automorphism group of / is finite. Here, an automorphism of / consists of 
an automorphism of the domain curve and and automorphism of the pointed 
curve (P^(m),p^°'*,p[™^). 

Following imini, AT^,„(P\/i) is a separated, proper Deligne-Mumford stack with a 
perfect obstruction theory of virtual dimension r = — x + |yu| + /(yu) + ra, and hence 
has a virtual fundamental class of degree r. 

3.2. Torus Action. Consider the C*-action t ■ : z^] = [tz^ : z^] on P-*^. There are 
two fixed points po = [0 : 1] and pi = [1 : 0]. Extend this action to the action on 
P^ [m] by identifying the root component with P^ and giving trivial actions on bubble 
components. Then this extended action on P^[m] induces an action on Ai {F^ , fi). 
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3.3. Fixed Locus. The connected components of the fixed points set of A1*^^(P^, jj,) 
under the induced torus action can be parametrized by labeled graphs. For any 
/ : (C; Xi, • • • , Xi(^), Zi, - • ■ , Zn) — > P^[m] representing a fixed point of the C*-action 

on Ji4*^ j^{f^,jd), the restriction of / := 7r[m]o/ : C — > to an irreducible component 
of C is either a constant map to one of the C* -fixed points Po,Pi, or a covering of 
P^ fully ramified over po and pi. Associate a labeled graph F to the C*-fixed point 
[ / : (C; xi, • • • , Xi(^) ,zi,--- ,Zn) — > P^ [m] ] as follows: 

(1) For each connected component Cy of f~^{{po,Pi}), assign a vertex v, a label 
gifv) which is the arithmetic genus of C^,, , and a label = < ' ' "^-^ ^} 

yi, if/(c„)=pi 

Denote by V{r)^''^ the set of vertices v with i{v) — k, for A; = 0, 1. The set 
l^(r) of vertices of the graph F will then be the disjoint union of ^(F)^'^) and 
V(F)«. 

(2) Assign an edge e to each rational irreducible component of C such that 
/ is not a constant map. Then / |ce is fully ramified over pq and pi with 
degree d{e). Let -E'(F) denote the set of edges of F. 

(3) The set of fiags is given by F(F) = {{v,e):ve V{V), e e E{T), C^nCe^ 0} 

(4) For each v G V^(F), define d{v) = Xl(t;e)eF(r) ^(^) ^i'^) partition 
of d{v) determined by {d{e) : {v,e) G F{T)}. In case m > 0, we assign 
an additional label for each v G V{TY^^: let be the partition of d{v) 
determined by the ramification of / |c„: — > P^(m) over p^^\ 

Let G^{F^, n) be the set of all the graphs associated to the C*-fixed points in 7W*^(P^, /x) . 
We now describe the set of fixed points associated to a given graph F G G^(P^, //). 

• Case m = 0: Any C*-fixed point in Af^_„(P^,/i) which is represented by a 
morphism to P-'^[0] = P^ is associated to a graph Fq G ^^(P^, //) such that 



V^(Fo)(°) = K---,^°}, 9{^)=m. fcGN, Y.^2-2g,) 



X 



E{Vq) = {ei, • • • , ei(^)}, d{ei) = /ij for i = 1, • • • , 

j{v) — number of ZiS mapped to v, j{v) — n 

v{ro)(o) 

The two end-points of the edge are Vj and vf° for some 1 < j < k. Let 
IJ>{v^) — {l^'jl^j has as an endpoint }. Define 



l<i<k 



where we take 7Wo,i — A^o,2 = Ali,o = {pt}, then there is a morphism 
ir,) • -Mto — •^x,n(^^''") whose image is the fixed locus Fr^ associated 
to Fq. Hence ir^ induces an isomorphism A^Po/^ro — -Ptq where Ar^ is the 



COMPUTING HODGE INTEGRALS WITH ONE A-CLASS 7 

automorphism group of any morphism associated to tlic grapli Tq, which can 
be obtained from the short exact sequence 

lin) 

1 YlI'^^, Aro Aut (Fo) 1 

i=l 

The virtual dimension of with only stable vertices is 

3 

For any vertex v e y(ro)^°\ introduce multiplicity of v, m(t'), as follows: 

m{v) = \{w e V{roY^^ I g{v) = g{w), [x{v) = jiiw), j{v) = j{w)}\ 

Pick one representatives from each group of identical vertices {vi, ■ ■ ■ ,Vi} so 
that '^m{vk) = |V"(ro)'^°-'|. Denote by m{vk) = rrik and now we can find the 
order of automorphism group of any Fq G G°^(P^,//) to be: 



|Aut Fo| = JJmfc! I j(vfc)! Aut ij,{vk) 



• Case m > 0: For any given / : (C; xi, - ■ ■ , xk^^), zi, - ■ ■ , Zn) — > P"^[m], con- 
sider /o and /oo which are defined as follows: 

- Iq. Let Co = /~^(Po°^), {yi,--- ,yi{v)} = and {^i, • • • ,^no} 
mapped to Cq. Then /o : (Co; yi, • • • , yi{v), ^i, • • • , ^no) — ^ corre- 
sponds to the case of m = 0. 

- j^: Let Coo = and = f \c^, then /oo corresponds to an 

element of Alp corresponding to the graph F described below. 

Classify the vertices of the graph F as follows: 

V\rf^ = {ve y(r)(0) : ro{v) = -1}, 

= {y^ v^(r)W : r,{v) = 0}, for i = 0, 1 

y^(r)« = {v e \/(F)W : r,{v) > 0}, for i = 0, 1 

where ro{v) = 2g{v) - 2 + val{v) + j{v), for v e V(F)(°), 

ri(^;) = 2g{v) -2 + l{ii{v)) + + j{v), for v e V{T)^^^ 

Define Air = Alp^ x Alr\ where A(p^ = n«GyS(r)(o) A^p(^.),val(^)+i(v) and 

Afp"* is the moduli space of morphisms / : C — > P^(m) such that 

(1) C = U^gv'(p)(i) c^ 

(2) For each V e V{T)^^\ (C„;a;„,i, • • • , a;„,/(/,(^,)), 2/^,1, • • • , ^1, ■ ■ ■ 

is a prestable curve of genus g{v) with l{^{v)) -\- l{v{v)) -\- j{v) ordered 
marked points. 
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(3) As Cartier divisors, 

The morphism (/ \c^)~^{E) — > E is of degree d{v) for each irreducible 
component E of (m) . 

(4) The automorphism group of / is finite. Here, an automorphism of / 
consists of an automorphism of the domain curve C and an automorphism 
of the pointed curve {¥^{m),p^i\p^^'^) , which is an element of (C*)"^. 

There is a morphism Iy : Mr — * -^xn^^ i whose image is the fixed locus 
Fr associated to the graph V. Hence iy induces an isomorphism My/^t = Fy 
where Ay is the automorphism group of any morphism associated to the graph 
r, which can be obtained from the short exact sequence 

1^ n Zd(e) Aut(r) 1 

eeEiV) 

The virtual dimension of A^p^ is given by d^^ — (^'Ey^v{T)W ~ 1- Use 

the identities 

-X = -Xo - Xoo + 2/(1^), 9= Yl 3{v)- I v{r) I + I E{r) I +1 

vev{r) 

to get the virtual dimension of Fp: 

dr ^dP + dP = --Xo + - Xoo + KlA + - 1 + rioo 
= (35(^^)-3 + val(^;)) + ( ^ n{v))-l + n^ 

=2^ - 3 + /(/.) + iaiv) - 1)+ I V\Tp I +noo 

i;Gy'5(r)(o) 

= - ^xo - X + KiA - 1 + Woo 

By similar observation as in the case of m = 0, we find the order of automor- 
phism group of any given F e G^(P^, jj) to be: 

Aut r| = |Aut Tol |Aut Ai|(jjnfe!)(^ JJ i{v)\ |Aut n{v)\ |Aut 

y(r)(i) 

In this case, rik is the multiplicity of vertices in ViV)^^^ with identical //(i'), 
z/(f ), and g{v). The presence of automorphism group of /i is due to the 
fact that we can exchange two marked points with same ramification type iii 
without changing the type of corresponding graph. 
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4. Computation of eT(A/'p*'') 

In this section, I will summarize the computations of er(A/'f*'') in 14^ which will be 
needed for localization computation. Denote by (a;) the 1-dimensional representation 
of C* given by A ■ 2; = X'^z for A G C*, 2; G C. For a given graph T G G'g,„(P\ //), let 

(9) [ / : , Zi, ■ ■ ■ ,Zn) — >¥^[m] ] 

be a fixed point of the C*-action on A4'_„(P^, /i) associated to F. Given a flag (f , e) G 
F(F), denote by q{v,e) ^ C* the node at which and intersect. Also let ip[v,e) 
denote the first Chern class of the cotangent line bundles over A^r, i-e. the fiber at 
the fixed point is given by T*f^^^-^Cy. The Euler class er(A/'r*'') is given by; 

1 erif') 



where V denotes the moving part of any vector bundle V , and T^, are the tangent 
space and the obstruction space of „(P^, /i), respectively. Here, and can be 
computed through the following two exact sequences 



^ Ext°(r]cP), Oc) H%B-) ^ ^ Ext^ {nc{D), Oc) ^ (D*) ^ ^ 



where wpi[.m] is the dualizing sheaf of P"'^[m], D = xi + ■ ■ ■ + xi(p) is the branch divisor, 
and for ni = the number of nodes over p^^; 



Recall the map 7i[m] : P-^[m] — > F^, and observe that for / = 7r[m] o / we have 

r(u;piH(iogrf"^))'' = r(^p^(i) 

Let Fr be the set of fixed points associated to F G G^_„(P^,;u) and assume that 
[ / : (C, xi, • • • , xz(^), ^1, • • • , Zn) ^ P^m] ] G Fr C A^;_„(P\ /i) 
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The C*-action on Ai' induces C*-actions on 



m— 1 



z=o 



1=0 



The moving part of each of these groups form vector bundles over Air- We will use 
the same notation ^ to denote the induced vector bundles. In particular, 



m— 1 



0i/O(R;) = O, and 

1=0 
m—l 



0, if m = 



Hence we have; 



Case m = 0: 

For each v G V^(ro) and /x^, i, ■ ■ ■ ^ ^vMp{v)) the ramification type in the vertex f , we 
have under the convention to write /i„^2 = oo when g{v) = 0, l{fj.{v)) = l{e{v)) = 1; 



TO — 1 



0i/,\(R:), = o 



1=0 

Ext'^iQ^), Oc) 



(^), iivel 

0, if V e II or S 

0, if V e I 
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Hence we can compute their contributions to be; 



m—l 



eT(0i^e\(Rr).) =1 
eT(Ext°(f£(B),Oc)J 



^, iivel 

1, if ^; e II or S 



1, if^;el 
For the contributions from the rest, consider the normahzation sequence when v eS; 

lip(v)) lip(v)) 

^ rai(i) ^ (/ ic. © (/ ice„, - ai(i)po - 

The corresponding long exact sequence becomes 

l{fi{v)) 

1=1 

1=1 

lipiv)) 

H\C,, if © H\C,^^„ if \c.J*0^.{l)) 

i=l 

and the representations of C* are given by 

0^H%C,rO^.{l))^H%C,,Oc^)®{l)® (0(— ) 

i=l a=l 

(1) ^ H'{C,rO^.{l)) ^ H\C,,Oc^) ® (1) ^ 
Hence their ratio can computed as; 



which also works for the case of el or ell. 

Case m > 0: Let be the first Chern class of the line bundle over TWp whose fiber 
at [ / : (7 ^ Pi(m) ] isT%)Pi(m). So^^* = i^v,ii^i,,e^,) iox v G V(r)(i), {v,e,,i) G F. 
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By similar observation as in the case of m = 0, we can find that 

\EiT)\-l 



0i/i,(Rr) = (r(o)P;o)®r(o)p;,)) 

1=0 



Ext°(Qc(^),C»c)„ 



.0' 

'o, 



if v e II or S 



if f e I 

if e II 



QiHv)) T ^C^®T„ ,Ce ., if ^; e S or T 



Hence we can compute their contributions to be; 



m— 1 



1=0 



ift;Gl 
1, if v e II or S 



if V e I 

if ^; e II 



eT(Ext^(l]cP),0c)J = < 
Also consider the following normalization sequence 



o^ropi(i)^0(/icj*Opi(i)© (/icj*Opi(i) 

SUT eGE(r) 

0ai(l)po©0( 0P^(1U)©0( 0F^(1) 
S (v,e)€F T {v,e)eF 



II 



Pi 



and the corresponding long exact sequence 

o^//°(c,ropi(i))-.0i/°(a,(/k)*ai(i))© H%Ce,{f\c.yoAi))- 

SUT eeE(r) 

0ai(i)po®0( ai(i)po)®0( oAi)p?) ^ H\cj*oAi)) 



S {v,e)eF T {v,e)eF 



ST 



eeE(r) 
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die) 



0^//'^(C,rOpi(l)) -^0if°(a,OcJ®(l)©0i^°(a,OcJ®(O)© (0( 

S T eeE(r) a=l 

-e(i)®e( e(i))®e( e(o))-ff'(c.ror.(i))- 

II S {v,e)eF T (v,e)eF 

^H\C,, Oc^) ® (1) © 0i/i(C„ OcJ ® (0) ^ 

S T 

from which we can compute their ratio to be; 



After combining all the contributions, we find the following Feynman rules; 
1 



eT(A/'r7) 



m 

i=l 



X 



X 



[n 



u 



[n^]x[n 
(n^) 



u I It 
// Mi;, 2 



= 1 



u + ip^ 

[n 



X 



=1 l^v 



5. Double Hurwitz Numbers 

5.1. General Result of Hurwitz Numbers. Let X be a Riemann surface of genus 
h. Given n partitions rj^, - ■ ■ ,r]"^ ofd , denote by H^{r)^, ■ ■ ■ , rf^)' and H^{r]^, • • ■ , 77*^)° 
the weighted counts of possibly disconnected and connected Hurwitz covers of type 
(77^, • • • , 77"), respectively. The following Burnside formula is well known: 



dimit!o 

\p\=d i=i P 
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5.2. Double Hurwitz Numbers. Consider a cover C — > of genus g, ramifi- 
cation type u, n at two points po and pi respectively, and ramification type (2) at r 
other points. By Ricmann-Hurwitz formula, we have r — 2g — 2 + l^v) + Let 
r]^ — ■ • ■ — rf — {2) and introduce notations 

By applying Burnside formula, we obtain 

H'Ju,,.) = y ( I I ^^yx^mi ^ y f^^yxdc^mi 

it^a^ ^^^^^^ it^a 

Define generating series of Double Hurwitz numbers as follows: 

We will need the following initial value formula of Double Hurwitz numbers; 
Lemma 5.1. 

Proof. This is a direct consequence of the orthogonal relations for characters of S^, 



j2 ^^y^u^^y^u ^ s^,,, and Yl xdCMc,) - zj.,. 



□ 



5.3. Relating Double Hurwitz Numbers with Hodge Integrals. We can ex- 
tend the notion of P^[m] to have bubble components on both directions. Denote 

by 

p'K, moo] - pf-^o) u • • • u p;_i) u pfo) u pfi) u • • • u p;^^) 

As before, we call P^q^ the root component , Pj(mo) = ^^(-mo) U ■ ■ ■ U P(_i) the bubble 
component at 0, and P^(moo) = ^(i)'-'' ' ''-'^(moo) bubble component at oo. Define 
Al* //°°) as the moduh space of morphisms / : C — > P^[mo, moo] such that 

(1) (C; xi, • • • , Xi(^oc.), Hi, - • ■ , yi(nO)) is a possibly-disconnected prestable curve with 

+ l{iJL°°) unordered marked points. 

(2) X = — '^Qi) where Qi is the genus of each connected component of C . 

(3) As Cartier divisors, r^p^"^'^) = E^L"? /^HpS™""^) = E!LT^ ^^r^^ 

(4) The automorphism group of / is finite. Here, an automorphism of / consists 
of an automorphism of the domain curve C and automorphisms of the pointed 
curves (Po(mo),Po~"*°\pi~''"^) and (P^(moo),Po^\pi"*°°''), which is an element 
of (C*)"^o and (C*)"'°°, respectively. 
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We can extend the standard action t ■ [z,w] = [tz,w] on to P"^ [mo, moo] by trivial 
action on the bubble components at and oo. Then this action induces C*-action 
on M. , , . Let 7r[mo,moo] : P^[?7t.o, ?7t.oo] — ^ be the projection which 
contracts both bubble components and fr = 7r[mo, moo] o/. Denote by u the partition 
oi d = ln'^l = by the degrees of fr on each rational irreducible components. 

For any morphism / : {C^Xi^yj) — > [mo, moo] which represents a fixed point of 
7W* (P^, //°, //°°) under this action, one of the following four cases must hold: 

• mp = mpo = : We have / = fr, jjP — — f 

• mo = 0, ni^ > 0: Let Xoo — — 2gr?°) where gf° is the genus of each con- 
nected component of /~^(Pjo(moo))- In this case, we have /J' — i^, Xoo = 
X,Xo = 2/(z/) 

• mo > 0, m-oo = 0: Let Xo = Xl(2~25'^) where Qj is the genus of each connected 
component of /~^(Po(mo)). In this case, we have = ^,Xo = X-, Xoo = 2/(z/). 

• mp > 0, moo > 0: We have X = Xo + Xoo - 2/(i^). 



Hence, we can see that xo, Xoo, determines each connected component of A1^(P\ /i.", fi°°)^* 
Consider the branch morphism 

Br : A^;(P\/,A^°°) ^ Sym-^+'('^°)+^('^°°)pi ^ P-x+Km")+^(m°°) 

The Double Hurwitz numbers for possibly disconnected covers of P^ can be defined 

by 

^^^'^^ |Aut(//0)||Aut(//~)|y[;^.(^o,^o.)]''- ^ ^ 

under the assumption -x + + > where H G if2(^p-x+'(/^°)+'(/^°°)) jg the 

hyperplane class. We want to compute this integration by virtual localization. The 
connected components of A4^{F^ , fj,^ , fj^'^ f^' can be described as follows: 

. mo^O,moo>0 : 2liu),x) = {mI(F\ u, //°°)//C*) / J] Z^oo 

. mo>0,moo = : ^(i/; x, 2l{iy)) = (mI{F\ i/)//C*)/ J] 
• mp > 0, moo > : 



^(^;Xo,Xoo) = {{Ml,{¥\i,',u)//C*) X {MlJF\u,i,-^)//C*))/{Ant{u)llz^^) 

1=1 

Let A/""^!^ be the pull-back of the virtual normal bundle of Xo, Xoo) in A^* (P^, A*°, A*°°) . 
By computations similar to those e'r(A/'r*^), we obtain 

1 djy 1 di/ 1 Cbi/ 

■X- 
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where ip'^ and ip'^ are the first Chern classes of the cotangent fine bundle T*o)P^[mo, rrioo] 
and T*o)P^[mo, moo], respectively. Let r = — % + + and observe that 



r r 



A;=l k=l 



By taking special values for w: 
«; = (0,l,--.,-x + /(/) + Z(//°°)-l) and = (1, 2, • • • , -x + + 

, we can compute to obtain 

] vir \i J 



-X + ^(/^°) + ^(/^~))! I Aut(/xO) II Aut(/^~) I J[:m-(pi,m°,m'°)//c*] 



1 /" / ,oo\-x+K/^°)+K/^°°)-i 

] vir \i J 



Aut(/xO) II Aut(/x°°) I J[^*(pi,mO,m-)//c*] 



6. Recursion Formula 

In this section, I will summarize the results from previous sections to prove the 
following recursion formula on Hodge integrals. Let e = {ki, ■ ■ ■ , kn) be a partition 
where /cj's are allowed to be zero. 

Theorem 6.1. For any partition /i and e with \e\ < |/i| + /(/x) — X; we have 



where the sum is taken over all partitions v of the same size as ji. 
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Here [X"] means taking the coefficient of A". Let me ffist introduce some notations; 

^ ,if{g,l{u) + l{e)) = {0,l) 



|Aut v\ Vi\v2^- ^1 + 

Ml ^1 



,if {g,l{v),l{e)) = (0,2,0) 



,if(,,/(.M(e)) = (0,1,1) 
^(e)! I Aut . I [11 .J 4^,^^^,^^^^, nS (1 - ^.A) ™' 

|i^|>l 3>0 

P-(A,p, g) = exp(D(A,p, g)) =: J] A-^^+'^-^V.^el^-,,,, = J] p.geI^:(A) 

|i/|>0 |i/|>0 

where pi, g^-'s are formal variables with = p^^ x • • • x Pv^^-^ and ge = ?ei x • • • x ?e((e) ■ 

Proof. For any given jj, and x such that + /(a*) > x, applying the localization 
formula to the class 11^=1 ^j^ev*i7 where H is the hypcrplane class of yields; 

„ n n 

0=1 Y[i^fey*H since deg V^^^^ev^i/ < dimA7^,„(P\ /x) 

1 f UUi^-i^j)''^^jHT 



^ ^ 1 /• n^i(«-^.)'^ev*i7T 



Here Ht is the lift of H to the equivariant hyperplane class. Choose H in such a way 
that i^(0) = and H{oo) = u, then we have Ht{0) = u and Ht{oo) = 0. Also let 
u = 1 for simplicity, then the formula reduces to: 



where „ and G^^n are the set of graphs corresponding to fixed locus with m — 
and m > with all the marked points zi, - ■ • ,Zn concentrated on the vertices in 
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V{ToY^^ and V{TY^\ respectively. We can compute the summand for Fq as follows: 
n".i(l - 'A;)'- 



/_ 



Ar(.)(i)njS(i-^..-)'=- 



[n 



fJ'v,lfJ'v,2 



S i=l 

v{ro) 



M 



g(v),l(ti{v))+l(e(v)) 



ng"» (1 - 



Similarly, we can compute the summand for F as follows: 



/_ 

J A 



[n^]x[n/,;^]x[n/,^ 



A,V)(i)n^-Li(i-V'..)^- 

l(u(v)) ( 1 



[n 



,!^t.,i-2 
v,l 



X 



[n 

II 



1 



■ ' i=l •^A^g(,;),i(L'W)+i(e(i,)) 



i=l 



^-'^■/^ nS^" (1 - ^.,.^.,0 



X 



i=l "^-^r 



V{To) 



X 



i=l 



n-Xoo+/(M)+K^)-i 



And the integration over can be related to Double Hurwitz Numbers as follows: 



[A^*^(pi,M,i')//C*]- 



|Aut/i||AutH H'Jfx,u)^{-Xoo + m+l{iy)y. [_ 

J\mZ 

n^fc!) (nnr)« fi{v)\ |Aut J[m^'^] 



t\-Xoo+l{lJ-)+liu)-l 
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since marked points in Ai^^ are ordered. Recall that |v4rol and \Ar\ are given by: 

1(h) 



1=1 k 

l(u) 

\Ar\ =(n^O(n^^' Aut i/K) |)™'=)|Aut 



=1 

X 



(n^^0( n j(^)!iAutM^)i iAuti.(^)i) 

y(r)(i) 



Also observe that 

]\v{^o)^^^'^>')3{vy■'^9(v)Av),e{v) _ 1 / l^(ro) 



g{yk),n{yk),e(vk) 

which is the coefficient of A^^+'*^^)p^ge in the expansion of 'P*(A, p, q) . Now the original 
equation can be simplified as follows; 

, , l^rol J Mr, eriN^^) + |^r| iiMp eriUr) 

l^(ro)l 



roeG°,„(pi,M) 



^ |\/(ro)|! Ui, • • n^5(-^).M'^'=).-('^'=) 



X 



|Aut //I (n^fe!) (nv(r)(^) |Aut A^(^)| |Aut u{v)\) ^[a7«] 

^ |y(ro)|! Wir-- 



/" /^n-xoo+KM)+iH-i] 



ro6G;;,„(Pi,;i) 



iT/cn(o)ii I ™, ... ™Jli^('"=)'''(*'*)'^(''*) 



|Aut //| |Aut v\ 



^ {I) ^ > ^ >Z„ / ^^o-)-Xoc+i(M)+K^')-l 
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where x = Xo+Xoo— 2 and the initial value formula for Double Hurwitz numbers is 
used at the last equality. Summing over x yields that we have for all |e| + x < + 

□ 



7. Computing Hodge Integrals with one A-class 

It is enough to consider the case of fi = (d) for some positive integers d to compute 
all Hodge integrals with at-most one A-class. And in this case, we have a closed 
formula for the Double Hurwitz Numbers as follows; 

Theorem 7.1. ( [2], Theorem 3.1.) Let r = r?^^ g. For g > 0, and f3\- d with n parts, 



2A 



kt/2 J 229 ^ \Aut X\ 

k>l ' Xhg ' ' 

where r = 2g — 1 + 1{/3) and Ci = {number of 1 's in (3) — l,Ck = {number of k's in P) 
fork>l. [t'^9] means taking the coefficient of t^^ . 

Here the Double Hurwitz number is counted with multiplicity, hence in our notation 
it will read as follows 

. ^ H*^Jid)^^) ^ d-^-^^^^) yr /sinh(^x 

^ ^ {-Xoo + l + my. lAutH L kt/2 ) 

And in this case, (fTUI) can be written as 

\u\=dXO,Xoo k>l 

Now fix u and consider the case where there are m vertices in V"(r)*^''). Then we have 
splitting of xo, ^, and e into {gi, ■ ■ • , gm}, {'^(f i), ■ ■ ■ , J^{vm)}, and {e{vi), ■ ■ ■ , e{vm)} 
such that e(fi)'s are allowed to be empty and 

m 

^(2 - 2gi) = Xo, U i^{vi) = z^, IJ e{vi) = e 

i=l «=!,■■■ ,m «=!,■■■ ,m 

Each vertex will correspond to a certain Hodge integral on Aig(v),i{u{v))+i{e{v)) with 
dimension 3g{v) —3 + l{h'{v)) +l{e{v)). There are conditions on m, X) Xo; Xoo, )), 
and l{iy{v)): let g{v) denote T^wj^vdi^j)^ 

m<l{u), l{u{v)) < l{u) - m + 1, X = Xo + Xoo - 2l{u), l{e{v))<l{e) 

m 

Xoo < 2 min { l{{d)), l{u) } = 2, Xo = ^^(2 - 2g{v,)) = 2m - 2g{v) - 2g{v) 

i=l 
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From these conditions, we can deduce that 
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3 3 3 

3g{v) = 3m - 3g{v) - -xo = 3m - 3g{v) -^X+ ipCoo - 3/(z/) 

<-^X + 3m-^(2/(z/)-Xoo) 

where equahty holds if and only if Ijiy) = J2wytv di^) ~ 0- Now we can find the upper 
bound for the dimension of Hodge integral as follows. 



3g{v) - 3 + l{u{v)) + l{e{v)) < 



|x + 3m - 3 - ^ (2/(z/) - Xoo) + K^v)) + /(e) 



< 



< 



3^ - 3 + /(e) + ij + [3m - 3 - 3l{u) + -Xoo + K^) - m 
3g-3 + /(e) + 11 + [2(m - l{u)) + ^(xoo - 2) 



< 3^-2 + /(e) 



and the equality holds if and only if 



m = /(z/), Xc 



eiwl 



for all w V, g{w) = for aA\ w v 



,i.e. when each part of u is splitted into separate vertices, and all the marked points 
other than the ramification divisor as well as all genuses are concentrated on one 
vertex on the 0-th side. Now we can compute any Hodge integral with at-most one 
A-class as follows: Say we want to compute Hodge integrals of the form 



where j + ^"=o ki = 3g — 2 + n. Assume < ko < ■ ■ ■ < kn and let e = (fci, ■ ■ ■ , fc„) 
and X = 2 — 2(7. Then for any positive integer d such that c/ > x + kl — 1, the 
recursion formula p2|) expresses the top-dimensional Hodge integrals in terms of 
lower-dimensional Hodge integrals as follows: 



\v\=d i=l * 



1 |Aut i-PiijQ 

terms consisting of lower dimensional Hodge integrals only... 
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where Aut Oi is the automorphism group of the partition Ui = (z^i, ■ ■ ■ , i^i, ■ ' ' ; ^liu)] 
In this expression, the Hodge integral term expands to: 

A,^(i)n-=i(i-^.)'^^ 



9 ^ ^ •1-J-J= 



= L (1 - Ai + A, + ■ ■ ■ + (-i)^A,) ( y: -r^o°) n [ iaM 

JMg,n+i ao=0 j=l a-j=0 ^ •'^ 

E (-1)'^-'+" [^r n ] [- V'o" X ■ ■ ■ X A. 

Hence the previous expression can be written as 

(13) Cci{k, (ttj)) / ipo° X ■ • ■ X V^n^Afc = lower dimensional terms... 

k+'£aj=3g~2+n JMg,n+l 

where Cd{k, {aj)) are constants defined as follows: 

^4M..)) ^ E [(nV) «! E^(-rn ; )] 

liy|=d i=l * i=l I *l j,-=l \ ■?/ 

Now we have infinitely many linear relations of finitely many Hodge integrals of fixed 
dimension 3g — 2 + n with at-most one A-class since the equation (jl3j) holds for all 
positive integers d such that d > 1 — 2g + kj- Moreover the coefficients Cd{k, (aj)) 
form Vandermonde-type matrices and it can be proved that one can always find a set 
of positive integers {di, • ■ ■ , di} which will give linearly independent relations to solve 
for all the Hodge integrals of given dimension 3g — 2 + n with at-most one A-class in 
terms of the values of lower-dim'l Hodge integrals with at-most one A-class. So we 
just proved the following theorem; 

Theorem 7.2. Any given Hodge integral with one X-class: 

(14) / A'^■■■^^A, 



where ki, - ■ ■ ,kn& NU {0}, j G {0, 1, 2, ■ ■ ■ , g}, is explicitly expressed as a polynomial 
in terms of lower-dimensional Hodge integrals with one X-class. Therefore it computes 
all Hodge integrals with one X-class. 



8. Algorithm to compute Hodge Integrals with one A-class 

It is clear that Theorem 7.2 can be implemented. We can use the formula (jlip to 
compute Double Hurwitz numbers. And since the values of Hodge integrals will be 
too big to fit in the usual 4-byte integer data type, we will need a library for multi- 
precision computing. There are several free libraries on the web and GNU-MP is one 
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of them which provides well-organized C++ class interfaces as well as documentations. 
For any given Hodge integral 

Let e = (fci, ■ ■ ■ , kn-i) and % = 2 — 2g. Start with d = x ~ 1 + ■ ■ ■ aiid find linear 
relations (fTUI) as follows: Run over partitions u of size d. For a fixed u, run over pairs 
(Xo, Xoo) which satisfies X ~ Xo + Xoo ~ 2Z(z/), ^ 2, Xo^Xqo G 2Z. Now for a 
fixed pair (xo, Xoo), we can compute Double Hurwitz Number (d) , z/) as follows: 
When Ci > 0, i.e. when there are one or more I's in u, we have 



m n 



A;>1 



sinh(A;t/2) 
ktj2 



Cfc 



22f^n,(24 + l)! 



6i. with 



where 6^ = if = and Xoo = 2 - 2g^, Y^k^k = goo, E 
bk, G N U {0}. When ci = — 1, i.e. when there is no 1 in u, let h be the minimum 
numbered part of u. Then we have Ch > 1 and 



j^sinh(t/2) 



sinh(/it/2)\ 




g(ft-l)t/2 _^ g(/i-3)i/2 _^ ^ g(-ft+l)t/2 



when h is even, / = 1, 3, 



2m 



when h is odd, / 



2,4, 



Hence we have 
^sinh(/i;t/2)\ cfc 

k>l 



kt/2 



sinh(t/2)y 
~l/2 ) 



sinh(M/2)\ /sinh(/it/2)\ch 



,h-l 
h-1 



sinh(A;t/2)\ 
kt/2 ) 



1 



-5, 



/i,odd 



1 



/i2 



2m- 1 



m=0 

and in this case, for g > 
'sinh(H/2)>^Cfe 

k>l 



(2m) 



^/2m 



i.2m 



sinh(/it/2)\c/.-i -p-r /sinh(A;t/2) 



ht/2 



j n 



k>h 



[t"] n 



A;t/2 



ibk) 



/i22''i-i(26i 



n 



kt/2 



^2bfc 



Cfe 



Cfe 



^22f'fen(2aHl)! 



where bh = ii Ch = 1 and 6,^. = if = for A; 7^ /i. Using these formulas and 
we can compute Double Hurwitz numbers. In order to compute [A'^'^-'~^°]P*g(A), first 
run over the number of vertices m = 1, 2, • ■ ■ , /(z/). For each m, find all possible group- 
ings of z/, e, and all possible splittings of Xo- Note that e admits groupings with empty 
components. Now find all triples (z/(w), e{v),g{v)) according to the equivalence condi- 
tion of vertices discussed in Section 3. Then the contribution of [A'*^'^^~'^'']P*g(A) will 
be the product of the combination factor 1/ H"^*' the expansions of ^^g(i.),jy(t,),e(t;) 
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which can be obtained by 




/(e) liy) l{e) 

kUMlA j=l^^^ i=l -^Xg.iM+^e) i=l j=l 



where k > 0, < Ij < cj, < k < g, and k + J2ih + = 3^ - 3 + + /(e). 

Some of them will have maximum dimension 3g — 3 + n hr the situations described 
in Section 7. Those are treated as unknowns and all others are lower-dimensional 
Hodge integrals or initial values which are already computed. Summing over all pairs 
{Xo, Xoo) and u will give a linear relation between Hodge integrals of the dimension 
35^ — 3 + n. Now we can follow same step as above for other values of d and obtain 
more linear relations. Observe that the number of unknowns are independent of d 
and actually bounded by the number of partitions oi 3g — 3 + n, and hence we will 
have a system of linear relations which can be solved by simple Gaussian Elimination 
method. Thus in each dimension, it amounts to solve a matrix equation of size N xN 
when N is at- worst-case the number of partitions of dimension. 

9. Examples 

In this section, I will show how the algorithm developed in the previous section 
works and check the results with the previously known-methods. 



Dimension 1 : There are 3 Hodge integrals with one A-class of dimension 1; 






And these integrals can be computed as follows: 



d^3,g 



0,e = (0,0,0); 




d^l,g 



l,e = 0, and d — 2, g — l,e 
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This value of ip class integral recovers the exceptional case (2.46) in [21], and 
the value of Ai class integral matches with the A^-formula since B2 = 1/6. 

Dimension 2 : There are 5 Hodge integrals with one A-class of dimension 2; 

Mo,5 ''Mo,5 JMl,2 JMl,2 J Ml, 2 

And these integrals can be computed as follows: 
= 3,^ = 0,e = (0,0,0,0); 



25 /_ - 25 = ^ /_ = 1 

ci = 4,(7 = 0,e = (l,0,0,0); 



- 10 /_ ^ V + 20 = ^ /_ z/^ V = 2 

JMo,5 J Mo, 5 

d = 1, g = l,e = (0), and d = 2, (7 = 1, e = (0); 



/ ^'Ai + / ^2 ^ 0, -3 / ^'X, + 7 [_ ^'-1 = 

J M1.2 J M1.2 J Ml, 2 J Ml, 2 ^ 



M1.2 JMi,2 



d = 2,g = l,e = il 

3 /_ V^V' + ^ = ^ / V^'V^' = ^ 



The first two values matches with the Witten's formula for the g = case 
which says that 

(15) / ^pf'i = ( \ when A;i + --- + A;„ = n-3 

JMo,n \ki, - ■ ■ , KJ 

and the remaining values match with the results in [31^, and A^-formula ((2|). 

Dimension 3 : There are 8 Hodge integrals with one A-class of dimension 3; 



b 

Mo,& J Mo, 6 J Mo,& J Mi,z 

Ml,3 J Ml,3 J Ml,3 J Ml,3 
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And these integrals can be computed as follows: 



d = 3,g = 0,e= (0,0,0,0,0); 

90 /_ -90 = 
ci = 4, <7 = 0,e= (1,0,0,0,0); 



= 1 



Mo,i 



65 



ijj'^^^ + 195 = 



rf = 5,(7 = 0,e= (1,1,0,0,0); 



i/j^ijj'^ = 3 



Mo,i 



15 /_ V V - 90 = =^ 
= 1, = l,e = (0, 0), and = 2, ^ = 1, e = (0, 0); 



= 6 



Mi,z 



Ml, 3 



ip'^Xi + = 0, -7 V^Ai + 15 / -- = 



Ml,3 



Ml,3 



24 



'Ml,3 JMl^3 

d = 2, g = l,e = (1,0), and d = 3, g = l,e = {1,0); 

1 



' Ml,3 

6 ' ^''i^''! 



3 / V'V'Ai - 7 /_ tA^V^^ + tt = 0, 
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_ V'V'Ai - 25 /_ + = 



V^V'Ai 



'A^l,3 

ci = 3,5, = l,e = (1, 1); 



Ml,3 



^ ^ 12 



6 



A^l,3 



^ - - = 



Ml,3 



The first 3 values match with ()15|). and the rest match with A^-formula (j21) 
and the results in ^Tj, p36. 
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Dimension 4 : There are 16 Hodge integrals with one A-class of dimension 4; 



27 



J Mo, 7 J Mo, 7 J Mo, 7 J Mo, 7 

•J Mo, 7 J Ml,A J M\,A J Ml, 4 

[_ [_ V^WAi, / v-'V-V', / V-V, 

J Ml,4 J Ml, 4 J Ml, 4 J Ml,4 

!_ ^vvv\ / v^'A2, / v^^Ai, / 

J Ml, 4 J M2,l J M2,l J M2,l 



And these integrals can be computed as follows: 



(i = 3,^ = 0,e = (0,0,0,0,0,0); 



301 



^4 _ 301 = 



Mo,7 



(i = 4, <7 = 0,e= (1,0,0,0,0,0); 



140 



V'^^/'^ - 840 = 



= 5, (7 = 0,e= (1,1,0,0,0,0); 



140 



V^^^V^ - 1680 = 



Mo,- 



rf = 6,(7 = 0,e= (1,1,1,0,0,0); 



= 1 



Mo,7 



- 350 /_ t/^^^/^^ + 1400 = 
ci = 5,^ = 0,e = (2,0,0,0,0,0); 



^^t/'I = 4 



Mo,7 



A4o,7 



^2^1^1 = 12 



- 21 



+ 504 = 



= 24 



Alo ' 



These values match with (fT3j). 
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= 1, ^ = l,e = (0, 0, 0), and = 2, ^ = 1, e = (0, 0, 0); 



Ml 



- 15 



Ml 



Ml,4 

3 



Ml 



+ 31 _ - - = 

MiA <3 



Ml, 



^ 24 



d = 2,g = l,e= (1,0,0), and d = 3, g = 1, e = (1,0,0); 



7 

25 



^p^ijj^Xi - 15 / V^^V^' + 1 = 



Ml,4, 



3„/,l 



Ml A 



, ■? , 1 65 

',3„,,1 , ^ Q 



MlA 



Ml A 



3./,l 



d = 3,g = l,e = (1, 1, 0), and d = A,g = l,e = (1,1,0); 
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-6 
- 10 



Ml,4, 
Xl,4 



V'WAi + 65 /_ VW^-x 
MiA 4 



(i = 3,(7 = l,e = (2,0,0); 



A^l,4 



25 



25 







2,/,2 



'Ml,4, 

d = A,g = l,e= (1,1,1); 



- 10 



Ml, 



+ 2 = ° 



Xl,4 



These values match with jSI], p36. and the Ag-formula (j21). 
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ci = 1,5, = 2,e = 0, d = 2,5( = 2,e = 0, andd = 3,g = 2,e 
V^'As - [ i^'Xi + [ i^^ = 0, 



5 

M2.1 J M2,l J M2.1 

7 / ^2^2 - 15 / ^^Ai + 31 / ^4 _ 1 ^ 

~'A^2,i ■>'A^2,i ■>'A^2,i -^^U 

25 / 7/^2^2 - 90 / + ^01 [_ 7/;^ - — = 

^^2,1 >^A^2,1 Jm2.1 48 



5760' 480' J^^A 1152 

The first value matches with Ag-formula since we have 



22 i ^ jBk = 0, for m > ^ S4 - 



fc=0 

2*2-1 



30 



2*2 + l-3\2^*^-^-l |52,2| 7 



2 



2 y 22*2-1 (2*2)! 5760 

The second value matches with Q, since we have 

229-1 _ 1 |i? I ^ A 1 K 

^^ = ^^M!' for,>0^6, = -, 62 = ^ 

7,\^'i_i (2^7i-l)!(2^2-l)! , , ^l^i^ -llrl _ 

^^2^^ 2 ^ (2(7-1)! 5760 1^2^37 2 3!V247 480 

And the last value matches with the result in p36. 
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